[DOI: 10.1299/mej. properties for the respective materials can be obtained by simulation. In previous works (Bade et al., 2019) , a procedure to estimate effects of pore characteristics on strength was newly developed by taking account of observed pore characteristics. In the procedure, a stress intensity factor based criterion was adopted for fracture of porous ceramics. By using the fracture mechanics procedure involving pore characteristics, it may be possible to speculate strength properties of porous ceramics with various pore distributions without conducting experiments.
In this work, strength properties of porous ceramics and their relations with pore characteristics were investigated by numerical simulations based on the analytical procedure proposed in previous works (Bade et al., 2019) . In the simulations, a fracture mechanics procedure was applied by taking account of the pore characteristics, especially porosity, pore density and average pore radius, and also by presuming pores to be surrounded by virtual cracks. From relationships between simulated strength and pore characteristics, effects of pore characteristics on strength were discussed to get suggestions for design of porous ceramics.
Simulation procedure 2.1 Background
In previous works by the authors (Bade et al., 2019) , strength properties of porous alumina and porous zirconia have been investigated experimentally, and they were also estimated by using numerical simulations based on a proposed analytical procedure. The results in previous works were shown in Fig. 1 . As a general trend seen in Fig. 1(a) , the bending strength of porous ceramics were exponentially decreased with porosity increase. As mentioned in Introduction, however, Fig. 1(a) also shows a result that, in spite of larger porosity, porous alumina with porosity of 58% was stronger than that of 48%. From the observation of their fracture surfaces and cross sections, it was clarified that the alumina with 58% porosity included more and smaller pores compared with that with 48% porosity. Concerning this issue, a new procedure to evaluate pore-characteristics effects on strength was developed by taking account of observed pore characteristics. By comparing the simulated results with the experimental ones, a good coincidence is seen in Fig. 1(b) . Consequently, the applicability of the proposed procedure has been verified. 
Modeling of flaws/cracks
Usually, inherent flaws generated in dense ceramics are randomly distributed in a specimen, while pores exist at random in a specimen of porous ceramics. In this work, a fracture mechanics procedure to evaluate strength properties of porous ceramics is proposed by presuming pores to be cracks. In dense ceramic materials, a pore-type flaw detected Miyazaki, Omoto and Hoshide, Mechanical Engineering Journal, Vol.6, No.5 (2019) [DOI: 10.1299/mej.19-00234] as a fracture origin has been treated as a crack in the fracture mechanics analysis of ceramics strength, e.g., (Hoshide and Inoue, 1991) . In such an analysis, a pore is assumed to be surrounded by a virtual crack. In this study, such an approach in dense ceramics was developed to an analysis on strength of porous ceramics. In the developed analytical procedure, the distribution of cracks is assumed to be identical to that of pores surrounded by virtual cracks. In the simulation based on the developed analytical procedure, such flaws/pores are modeled as circular, semi-elliptic or quarter-elliptic cracks, according to their locations in a specimen, as follows.
At first, cracks in a specimen are randomly located and are taken into consideration only within the region, which is subjected to tensile stress in the specimen under bending. In determining positions of individual cracks, a Cartesian x-yz coordinate is introduced within the tensile region of a specimen. In this coordinate, x-and y-axes are respectively parallel and vertical to the longitudinal direction of the specimen and z-axis is the transverse direction (width direction) of a specimen, as schematically illustrated in Fig. 2(a) . By considering no stress gradient in the width direction (z-axis) of specimen under bending mode, positions of cracks existing in an arbitrary cross section are projected in z direction and onto x-y plane. Therefore, in the simulation, the position (x, y) of a crack is prescribed on the x-y plane. For example, the position of i-th crack in a specimen is described as (xi, yi) on the x-y plane as shown in Fig. 2(a) . By using a series of quasi-uniform random numbers generated by a computer, crack positions are randomly set and the size a of each crack is given independently of its location. According to crack-positions, cracks are classified into three types, i.e., embedded, surface, and corner cracks. 
Procedure of simulation based on fracture mechanics analysis
In the simulation, a stress intensity factor K is used as a fracture mechanics parameter. The specimen failure is presumed to occur when the maximum value, Kmax, among stress intensity factors calculated for all cracks is just equal to the fracture toughness KC of a material under consideration. As the result, one data of strength f for the specimen is obtained as follows.
In evaluating K, it should be noted that a fracture-mechanics-based criterion for long cracks cannot be directly applied to the strength evaluation of ceramic components, which are fractured originating from small cracks (Hoshide and Inoue, 1991) (Hoshide et al., 1984) (Hoshide, 1995) (Hoshide and Masuda, 1995) . In this simulation, the following approximation is adopted in the evaluation of a valid K value for a small crack with length a:
In Eq. (1), a is an applied stress, and MK is a magnification factor given by considering the shape and location of the crack as well as the stress distribution in a specimen. The value of MK is determined by using published numerical results (Murakami et al., 1987) (Murakami et al., 1992) (Murakami et al., 2001) according to aforementioned situations of the crack. A length parameter l0 is crack length to be added to the original crack length a. As for a pore, Eq. (1) implies the pore is surrounded by a virtual crack of length l0.
The maximum stress intensity factor Kmax is obtained as the maximum among all K values calculated for individual cracks located in a specimen, and the applied stress a at the fracture of the specimen is designated as the strength f under a fracture criterion of Kmax = KC. Finally, the strength is given by replacing K and a with KC and f in Eq. (1) respectively, as follows.
Finally, the strength f of one specimen is determined by the length a and the magnification factor MK of the crack dominating a fracture of the specimen.
A numerical simulation of Monte Carlo type will be carried out by repeating such a calculation as aforementioned in this section. 3-point bending is adopted as a loading mode for comparison with experimental results. In the present simulation, the calculation shown in Fig. 2(b) is iterated 100 times for the specimen of a material under consideration. Actually, 100 trials are made by creating 100 different combinations of spatial and size distributions of cracks by using random numbers. Consequently, the simulation gives 100 strength data for the specimen/material system.
Parameters used in simulation
Size distributions and densities of pores in porous ceramics are used in simulations, as aforementioned. Distributions of pore size are approximated by using three-parameter Weibull distribution functions, which consist of shape parameter , location parameter aL and scale parameter aS. Here, the scale parameter aS is known to be close to the average value of random variable a, which is treated as an average pore radius in the following simulations. The other parameters presenting pore characteristics are a density of pores, pore, and the maximum pore radius amax, which is censoring pore size distribution. In this simulation, the pore density pore of material with porosity p is defined as follows:
The range of values of pore, aS and p used in this simulation are 1~1000/mm 2 , 5~60μm and 0.005~0.8, respectively. The p range is set from the pore density pore and the scale parameter aS in three-parameter Weibull distribution function approximating the distribution of pore radius, which is identified based on LSM observation on the actual material surface. Other pore related parameters  and aL are set to 1.9255 and 4.4475μm from the average values in previous analyses (Bade et al., 2019) , respectively. In this analysis, the additional crack length l0 is set to be l0 = 1.3 aS [μm] from the average relationship between l0 and aS used in previous analyses (Bade et al., 2019) . The number of surface cracks is given by the crack density, and the type of a crack is classified into surface crack or embedded crack according to the relation between its size and its distance to the specimen surface.
Fracture toughness has been determined theoretically ) (Bade et al., 2019) , and toughness value of a porous material is given by using its bending strength observed in experiments, because there is no fracture toughness test method for porous ceramics. Fracture toughness tests for dense ceramics were tentatively applied Miyazaki, Omoto and Hoshide, Mechanical Engineering Journal, Vol.6, No.5 (2019) [DOI: 10.1299/mej.19-00234] to tests for porous ceramics, though the results were overestimated because the pores might relax the tip of stress concentration. Therefore, in the previous works, the fracture toughness of a material with porosity p was estimated by using average pore radius ap,ave and average bending strength f,ave(p), based on fracture mechanics criterion. Fracture toughness KCp for material with porosity p was postulated to be given as follows.
In (4), MK was a modification factor determined by crack geometry and loading mode. By setting p = 0 in (4), the fracture toughness KC0 of a non-porous material was given by using average pore radius a0,ave, and average bending strength f,ave(0) in the material, as follows.
Assuming MK as a constant value, the following relations were given from (4) and (5).
Here, the relation between porosity p and average strength f,ave(p) was obtained experimentally by using materials with different porosities. Using the additional length l0 in application to a small crack, crack length parameters a0,ave and ap,ave in (6) were defined as (7) and (8), respectively.
a0,ave = l0 (7) ap,ave = aave + l0 (8)
In the above equations, aave was an average pore radius, which was observed experimentally.
In the simulation to evaluate strength, however, the toughness should be estimated without using strength. Therefore, in this work, the fracture toughness KCp of a material with porosity p is estimated by using relation between normalized fracture toughness KCp / KC0 and porosity p in previous works (Bade et al., 2019) , where KC0 is the fracture toughness of a dense material with p = 0. From a physical viewpoint, the relation must satisfy the following conditions; i.e. KCp / KC0 = 0 when p = 1 and KCp / KC0 = 1 when p = 0, respectively. Therefore, an approximating function of the relation between KCp / KC0 and p is assumed as follows: In Eq. (9), C is a nonnegative constant. From results in previous works (Bade et al., 2019) , the value of C is considered to depend on material and pore shapes. Figure 3 shows the relations for alumina and zirconia ceramics. The best fitting was found by setting C = 4.727 for alumina and C = 1.945 for zirconia, respectively.
Simulated result and discussion 3.1 Evaluation method
This work aims at clarifying effects of the pore characteristics on the strength relatively. Therefore, in the following analysis, the simulated strength is shown as values normalized by a scaling strength f,p0. The scaling strength f,p0 is calculated by setting a = 0 m, MK = 1 and KC = 1 MPam 1/2 in Eq.
(2). The virtual crack length l0 in Eq.
(2) is set to 20 m which is determined as an average of 10 m used for alumina ) and 30 m used for zirconia (Bade et al., 2019) . By substituting the above values into Eq.
(2), the scaling strength f,p0
is calculated to be 71.18 MPa.
In the following, for a porous ceramics with porosity p, the normalized bending strength Sfp is defined as Sfp  f,p / f,p0, where f,p is the strength simulated for the material, and effects of pore characteristics on the strength are discussed.
Relation between Fracture Toughness and Strength
In this section, simulations are performed with aS = 10 m for three values selected as C in Eq. (9); i.e. 1, 3 and 5. The normalized bending strength Sfp is correlated with the porosity p in Fig. 3 . In this case, too, the relationship between them must satisfy the following conditions; i.e. Sfp = 0 when p = 1 and Sfp = Sf0 when p = 0, respectively. Therefore, the next equation is assumed to be suitable for the conditions. Figure 4 shows that the relations for C values are well approximated by Eq. (10). As shown in Fig. 3 , the fracture Miyazaki, Omoto and Hoshide, Mechanical Engineering Journal, Vol.6, No.5 (2019) [DOI: 10.1299/mej.19-00234] toughness of porous ceramics decreases exponentially with the increase of porosity, and also Fig. 4 shows the same tendency in the normalized bending strength. Table 1 summarizes the parameters in Eq. (10) corresponding to each C value. As seen in the table, the correlation coefficient R reaches 99% for any C value, and it can be said that the fitness by Eq. (10) is very high. Although Sf0 tends to increase by at most 4% with the increase of C value, it should be interpreted as being almost constant regardless of C value. This implies that Sf0 physically represents the strength of p = 0, namely, dense material, and the fracture toughness value for p = 0 in Eq. (9) is constant regardless of C value. In the following section, simulations are performed with C = 3 which is the median value of C value.
Relation between porosity and strength
In this section, the average pore radius aS is fixed, and simulations are conducted by changing the porosity for respective aS values. The relationship between the porosity p and the normalized bending strength Sfp is shown in Fig. 5 . As seen in Fig. 5 , the normalized bending strength decreases exponentially as the porosity increases. Therefore, the relation for each aS value is approximated by a function as follows: (11) represents the strength of a material with very low porosity. When the average pore radius aS is larger, as seen in Fig. 5 , the normalized bending strength decreases with respect Miyazaki, Omoto and Hoshide, Mechanical Engineering Journal, Vol.6, No.5 (2019) [DOI: 10.1299/mej.19-00234] to the same porosity. In Fig. 5 , the larger standard deviations are observed in the material with lower porosity. The reason is that the probability having pores resulting in facture may become lower in such materials.
Relation between average pore radius and strength
In this section, the porosity p is fixed, and simulations are carried out by changing the average pore radius aS for respective p values. The relationship between average pore radius aS and normalized bending strength on a semilogarithmic plot paper is shown in Fig. 6 . Curves in Fig. 6 were tried to be approximated by exponentially as same as Section 3.3 at first though following power function were fitted to the relations better. Sfp = Sp,as (aS) - (12) Table 3 shows the parameters Sp,as and  in Eq. (12) corresponding to respective porosities.
By the way, (aS) 1/2 is used as an exponential term in Eq. (12). The reason may be explained as follows. In the present simulation, the adopted fracture criterion is based on a stress intensity factor having a primitive form of  ( a) 1/2 , where  is an applied stress and a is the half length of a crack. So, as for a crack length, a square-root of crack length is suggested to be a parameter dominating fracture. Now, it is reasonably considered that the square-root of crack length should be used in correlation with the strength at fracture. As seen in Fig. 6 , for any value of porosity, the normalized bending strength decreases with increasing the average Miyazaki, Omoto and Hoshide, Mechanical Engineering Journal, Vol.6, No.5 (2019) [DOI: 10.1299/mej.19-00234] pore radius aS. It is remarked that the normalized bending strength is governed substantially by the pore size rather than bulk porosity. As noted in Chapter 1, strength of porous ceramics increases sometimes as decreasing the size of individual pores, even if a bulk porosity is increased. The fact can be explained by the aforementioned point of view. In Fig. 6 , the larger standard deviations are observed in the material with lower porosity and larger pore size. The pore density becomes smaller in larger pore size at lower porosity. It also makes larger scatter in strength because the probability having pores involved destruction becomes lower.
Relation between pore density and strength
Finally, in this section, the porosity p is fixed, and simulations are executed by changing the pore density pore for respective p values. The relationship between pore density pore and normalized bending strength on a logarithmic plot paper is shown in Fig. 7 . Curves in Fig. 7 present the following function fitted to the relations.
Here, the above Eq. (13) is expressed by replacing aS in Eq. (12) with pore using Eq.
(3) described in section 2.4. Table  4 shows the parameters Sp,pore and  in Eq. (13) corresponding to respective porosities. As seen in Fig. 7 , the normalized bending strength increases as the pore density increases. This is the same as the tendency described in the previous section. This implies that porous ceramics with the same porosity but containing many small pores are stronger than those containing relatively few large pores. Miyazaki, Omoto and Hoshide, Mechanical Engineering Journal, Vol.6, No.5 (2019) [DOI: 10.1299/mej.19-00234]
In Fig. 7 , too, the larger standard deviations are observed in the material with lower porosity and lower pore density because of the same reason mentioned in Sections 3.2 and 3.3.
Conclusions
In this work, an analytical procedure to evaluate the strength of porous ceramics was formulated so that it can reflect the pore characteristics. Main results are summarized in the following.
At first, a method for estimating fracture toughness of porous ceramics, which depends on their porosity and pore shape, is proposed. The fracture toughness of porous ceramics is assumed to be approximated as a function of porosity. It is also revealed that the fracture toughness of porous ceramics decreases exponentially with the increase of porosity. In the approximated function presenting relation between normalized fracture toughness and porosity, the coefficient multiplied by porosity, p, is considered to depend on material and pore shapes.
Secondarily, numerical simulations were carried out using the proposed analytical procedure, and the influence of the characteristics of pores on the strength was evaluated quantitatively. Simulations were performed by changing various parameters related to the pore characteristics. The simulated results show that the strength decreases with the increases of porosity and average pore radius. The relationships between pore-parameters and strength are also revealed.
The strength is found to decrease exponentially as increasing porosity when the average pore radius is fixed. It is also revealed that the strength decreases with increasing the average pore radius when bulk porosity is fixed. It should be remarked that the strength is governed by bulk porosity although the effect of pore size is strong rather than bulk porosity especially in porous material with lower porosity. The strength increases as the density of pores increases when bulk porosity is fixed. This is the same as the tendency described above. This implies that porous ceramics with the same bulk porosity but containing many small pores are stronger than those containing relatively few large pores.
Aforementioned results suggest that it is difficult to estimate the strength of porous ceramics by using only bulk porosity, but it is also necessary to consider the average pore radius as well as the density of pores. Based on the results obtained in this work, it is clarified that an irregular behavior between strength and porosity, which is sometimes observed, can be also explained.
By synthesizing the simulated results in this work, it is inferred that high strength porous ceramics can be obtained by including many small pores when producing porous ceramics having a predetermined porosity. Even for porous ceramics with the same porosity, various strength properties can be expressed by controlling the pore size.
